
(Description of Algorithm 392 continued from p. 568.) 

The  correct values for the apex are 

X = 1.6144; Y = 1.1580; 

U = 9.2057; V = 4.0312. 

Using 81 d a t u m  poin ts  on the  init ial  curve bu t  no t  applying ext rap-  
olat ion,  the  computed values were 

X = 1.5889; Y = 1.1418; 

U = 9.0441; V = 3.7319. 

Thus  ex t rapola t ion  significantly improved the  results.  
By p lo t t ing  the character is t ic  grid points  in the  X - Y  plane,  one 

sees t h a t  the  character is t ics  become more parallel near  the  apex. 
T h u s  the above problem is ill condit ioned.  If  the  in i t ia l  curve is 
chosen as Y = 0, 1 < X < 2, the problem becomes so ill condi- 
t ioned t h a t  the method fails for 81 da tum points  on the  ini t ial  
curve. 

Example of use. In  the following l ist ing T E S T  CH sets  up the  
ini t ial  da ta  and makes  the necessary calls to C H A R A C  to solve 
Example (II)  for 81 ini t ial  da tum points .  CH COEF computes  the  
coefficients A~ = 1 -  U ~,A2 = - U V ,  A~ = - UV, A4 = 1 - VZ, 
H1 = - 4 U e x p  ( 2 X ) , B i =  0, B2 = 1, B3 = - 1 ,  Bt  = 0 ,  H ~ - -  0 
as de termined  from (5). 

REFERENCES : 
1. FORSWrHE, G. E., AND W. R. WAsow. Finite-Difference Methods 

for Partial Differential Equations. Wiley, New York,  1960, 
p .64.  

2. BULIRSCI-I, R., A.ND J. STOER. Fehlerabsch~tzungen und Ext ra -  
polat lon mi t  Ra t iona len  Funk t ionen  bet Verfahren  vom 
Richaxdson-Typus.  Num. Math. 6 (1964), 413---427. 

3. JEFFREY, A., ~.ND T. TANIUTI. Non-Linear Wave Propagation. 
Academic Press,  New York, 1964. 

ALGORITHM 393 
SPECIAL SERIES SUMMATION WITH ARBITRARY 

PRECISION [C6] 
S. I~AMAL ABDALI $ (Recd. 23 June 1969 and 9 Mar. 1970) 
University of Wisconsin, Department of Computer 

Sciences, ~ : l i soa ,  WI 35706 
* This  work was done while the  au thor  was a t  the Unive r s i ty  of 
Montreal ,  Montreal ,  Canada.  

KEY WORDS AND PHRASES:  funct ion evaluat ion,  series 
summat ion,  approximat ion  
CR C A T E G O R I E S :  5.12, 5.13 

p r o c e d u r e  series (places, terms, base, digit, sgn, numerator, de- 
nominator, numO, denomO) ; v a l u e  places, terms, base; i n t e g e r  
places, terms, base, sgn, numO, denomO; i n t e g e r  a r r a y  digit; 
in teger  procedure  numerator, denominator; 

c o m m e n t  Programs for very  precise summat ion  of series are 
convent ionMly wr i t ten  in machine  language and employ mul t i -  
precision rout ines  to perform ar i thmet ic  on especial ly defined 
mul t iword registers.  The  present  a lgor i thm requires only integer  
a r i thmet ic  and  can be implemented  in any algebraic language.  
I t  is appl icable  to  series in which  the ra t ios  of successive te rms 
can be expressed as quot ien ts  of given integers or in teger  func- 
t ions of term positions.  

The  sum of a given series is computed to a given n u m b e r  of 
places, places, in a specified base  for representat ion~ base. The 
number  of terms needed, terms, should be calculated outside the  
procedure.  Procedures numerator and denominator are to be 
obta ined  from the  f ract ion i t h  t e r m / ( i -  1)- th  term,  expressed as 
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a rat io  of two in teger  funct ions  of i .  (Tha t  f rac t ion  should  prefer- 
ably be redtlced to i ts lowest  termsO numO and denomO are the 
in teger  numera to r  and denomina to r  of the Oth term.  The out- 
pu ts  of the  procedure are the  sign of the  result ,  sgn, the  integer 
par t ,  digit [0], and  the  digi ts  of the  f ract ional  par t ,  digit [1], • • • , 
digit [places]. 

For  example, one way to compute  sin 0.6 = .6 - .6~/3! ~ .65/5! 
. . . .  correct  to  1000 decimal places is to call series with  the 
pa rame te r  values:  terms = 226, numO = 3, denomO = 5, (and 
since i t h  t e r m / ( i - - 1 ) t h  t e rm = -- .62/2i (2i +1) ) numerator(i) = 
--9 and denominator(i) = 50i (2 i+1) .  By tak ing  base = 100000 
and  places = 200, five decimal digi ts  of the  resul t  will be obtained 
per  word of the  ar ray  digit. 

The use of a large base (and, consequent ly ,  smal le r  places) 
resul ts  in fas ter  computa t ion ,  as the  n u m b e r  of operat ions  is 
propor t ional  to (placesXterms) for large values  of terms and 
places. However,  the  i n t e rmed ia t e  produc ts  (baseXnum[i]X 
coef[i]) (and coef[i] can a lmost  equal  dehorn[i]) should  not  ex- 
ceed the  largest  number  represen tab le  by  an  in teger  variable.  
Also wi th in  th is  l imi t  shou ld  be t h e  p roduc t  of base and the  in- 
teger por t ion of the  resul t ;  

beg i  n 
i n t e g e r  i,  j ,  k, l; i n t e g e r  array num[--l:terms], dehorn, 

coef[O: terms] ; 
c o m m e n t  Express  the  series by  the  expression 

co + e~ + ..- + ~ (e~) .-. (i) 

where n~ and  d~ are posi t ive  and  c~ are =t=l. (~For short ,  n, d, c 
and  t in (1) stared for mum, dehorn, eoefand terms, respectively);  

n u m [ - l ]  :~- I ;  mum[O] := abs(numO); dehorn[O] := abs. 
(denomO); coef[O] := sign(numO) X sign(~lenomO); 
for j :=  1 s t e p  1 u n t i l  terms do 
b e g i n  

k := numerator(j); l := denominator(j); mum[j] := abs(k); 
denom[j] := abs(1); coef[j] := coef[j-1] X sign(k) X sign(l) 

end;  
c o m m e n t  Calcula te  digi ts  one a t  a s tep  by  ex t rac t ing  the  in- 

teger  par t  of base X ( 1 ) a n d  res tor ing  the  f rac t ional  par t  in 
form (1) ; 

for i :=  1 s t e p  1 u n t i l  places do 
b e g i n  ::: 

l :=  0; 
for j := terms s t e p  -- 1 u n t i l  0 do 
b e g i n  

k := num[j] X (eoef[j]Xbase+I); l := k + dehorn[j]; 
coef[j] := k - I X denom[j]; num[j] := num[j -1]  

e n d  j ;  
digit[i] := l 

e n d  i ; 
c o m m e n t  Some digits may  be negat ive  or larger  t han  base in 

absolute value.  Process the a r ray  digit to ob ta in  true base 
represen ta t ion ;  

l : = 0 ;  
for i :=  places s t e p  - 1  u n t i l  1 do 
b e g i n  

k := digit[i] + l; 1 := k + base; digit[i] := k - base × l ;  
i f  digit[i] < 0 t h e n  
b e g i n  digit[i] := digit[i] + base; l := l - 1 e n d  

end;  
digit[O] := l; sgn := sign(l); 
i f  l < 0 t h e n  
b e g i n  

digit[O] := - l  - 1; digit[places] := digit[places] - 1; 
f a r  i := I s t e p  1 u n t i l  places d o  digit[i] := base - 1 - digit[il 

e n d  
e n d  series 
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